PICARD-VESSIOT EXTENSIONS FOR UNIPOTENT 
ALGEBRAIC GROUPS 



V. RAVI SRINIVASAN 



Abstract. Let _F be a differential field of characteristic zero. In this 
article, we construct Picard-Vessiot extensions of F whose differential 
Galois group is isomorphic to the full unipotent subgroup of the upper 
triangular group defined over the field of constants of F. We will also 
give a procedure to compute linear differential operators for our Picard- 
Vessiot extensions. We do not require the condition that the field of 
constants be algebraically closed. 



1. Introduction 

Throughout this article, we fix a ground differential field F of characteristic 
zero. All the differential fields considered henceforth are either differential 
subfields of F or a differential field extension of F. We deal with differential 
fields equipped with only one derivation and we reserve the notation ' to 
denote that derivation map. The author assumes that the reader is familiar 
with the notion of a differential field and Picard-Vessiot theory. For precise 
definitions see [4j and [5J. 

Let U{n,C) be the subgroup of GL{n,C) of all upper triangular matrices 
with I's on the diagonal. In this article, we describe a procedure to compute 
linear homogeneous differential equations over F for the group U{n, C). Here 
is the statement of our main result: 

THEOREM 1.1. Let F be a differential field and C he its field of con- 
stants. Suppose that F contains distinct elements /i,/2,''' ifn satisfying 
the following condition: 

(C) if there are elements ci, C2, ■ ■ ■ , c-n G C and an element f F such 
that X]r=i '^ifi ~ f then q = for all i. 

Let & := {Ci,j|l ^'i^n',l<j<n+l — i} be a set of n{n + 1) /2-variahles 
and let E := F{&) be the field of rational functions in these variables over 
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the field F. Let 
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Extend the derivation of F to E by setting 
(1.2) g' = Ag. 

Then E is a Picard- Vessiot extension of F for the differential operator 

^^Ci^, l,Ci,i,C2,i,-- - ,Cn,l) 



(1.3) 



L{Y) 



1«(l,Cl,l,C2,ir • • ,Cn,l) 

V := spanc {Ci,i, (2,1, ■ " )Cn,i} is the full set of solutions of the equation 
L{Y) = 0, and the differential Galois group G := G{E\F) is naturally iso- 
morphic to the group U{n + 1, C). 



When F = C(z) with the usual derivation d/dz, a maple program to com- 
pute equation 11.31 can be found in my website [10] . 

Under the conditions that the field of constants C of F be algebraically 
closed and that F has a non zero but finite transcendence degree over C, 
Biyalinicki-Birula [2j has shown that every connected nilpotent algebraic 
group defined over C can be realized as a differential Galois group. And, 
in [6] the authors construct Picard- Vessiot extensions of F for connected 
linear algebraic groups defined over C. Thus, in particular, the existence of 
a Picard- Vessiot extension for the group U{n+1, C) is known. Our approach 
differs and gives a different perspective from the above mentioned articles. 

Acknowledgements. The author would like to thank the participants of 
the Kolchin Seminar, especially Phyllis Cassidy and William Sit, for their 
suggestions and criticisms on this work. Special thanks to Jonathan Sparling 
and to William Keigher for their encouragement and support throughout 
this project. 



1.1. Preliminaries. Here we will state some results that will be used of- 
ten in this article. The following theorems aid us in constructing no new 
constants extension by adjoining antiderivatives, see [1] or [8j. 

THEOREM 1.2. Let F be a differential field and let E = F{C) be a dif- 
ferential field extension of F such that (' G F. Suppose that E has a new 
constant. Then there is a y F such that y' = . 



The next theorem characterizes the algebraic dependence of antiderivatives 
and it is a special case of the Kolchin-Ostrowski theorem (see [l], [7]). 
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THEOREM 1.3. Let E D F be a no new constants extension and for 
i = 1,2, ••• ,n, let l^i G E be antiderivatives of F. Then either Q's are 
algebraically independent over F or there is a tuple (ci, • • • , c„) G C"' — {0} 
such that Y17=i ^iCi ^ P- 

A direct consequence of the above theorem is the following proposition, see 
[9J. 

Proposition 1.4. Let E = F{(iX2, ■ ■ ■ iCt) be an antiderivative extension 
of F. An element Q ^ E is an antiderivative of F if and only if there are a 
tuple (ci, • • • , q) E C* and an element f ^ F such that ( = X]i=i CiC« + /• 

THEOREM 1.5. Let F be a differential field and suppose that there are ele- 
ments /i, /2, ■ ■ ■ ■, fn ^ F satisfying the condition C. Let E = F{(i, (2,- " i Cn) 
be the field of rational functions over F in variables Ci) C2; ■ ' ' > Cn- Extend 
the derivation of F to E by defining Q = fi . Then E is a no new constants 
extension of F . 

Proof. Let Fq := F and Fi := Suppose that the theorem is false. 

Then pick the smallest k such that F^ has a new constant. Note that F^ = 
Fk-iiCk) and that there is an a E — -F^-i such that a' = 0. Therefore, 
by theorem 11.21 there is a y E F^-i such that y' = fk E F. Now we apply 
proposition 11.41 and obtain that y = X]j=i ^id + /• Taking derivatives we 
obtain Yl\=i^ifi — f'l where ci := 1 and Cj = — Qj for all i > 1. This 
contradicts the choice of fiS. □ 

Remark 1. Let F = ^{z) be the ordinary differential field of rational func- 
tions in one complex variable z with the derivation d/dz. For any rational 
function f ^ F, ^ has no simple pole and thus for any distinct complex 
numbers ai, a2, • • • , ctn <ind for any choice of constants Ci, C2, • • • , c„, not 
all zero, there is no rational function f ^ F such that ^ = Yl^=i^i/{^ + 
ai). Therefore, for the differential field C{z), elements l/{z + ai),l/{z + 
02), • • • ,l/{z + an) satisfy condition C. 

2. Picard-Vessiot Extensions for (7(3,(7) 

In this section, we will provide a construction of a Picard-Vessiot extension 
for the group (7(3, C). 

Proposition 2.1. Let K be a differential field with afield of constants C and 
let K{C,) be a no new constants extension of K such that C, is transcendental 
over K and (' E K. Let S = Y^l^^ qiC E K[C], Qi £ K and 7^ 0. 

1. If there is a T £ ^iC) such that T' = S then T E K[(^] and its 
degree, deg T, equals s or s + 1. 

2. And if cC,' + f ^ qs for any c (z C and for any f £ K then there is 
no T & K{C) such that T' = S. 
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Proof. Let there be an element T € K{(^) such that T' = S. Then there 
are relatively prime polynomials P,Q G where Q is monic, such that 

T = P/Q. Taking derivatives, we obtain 

(2.1) Q^S = P'Q - Q'P. 

From the above equation, it is immediate that Q divides Q'. On the other 
hand, since Q is monic and C & K we know that deg Q' < deg Q. Therefore 
Q = 1 and thus P = T & ^^[C]- Let T = Yll=o ^«C*) 7^ 0. From equation 
\2.1\ we have 

s 

(2.2) r^C* + {trtC + r^.jC*"' + ' ' ' + + = g.C- 

i=0 

Since qs ^ 0, t cannot be smaller than s. If t > s + 2 then = and 
trtC + = 0. Then trtC + rt-i £ C C K, contradicting the fact that ( 
transcendental over K. Thus t = s or t = s + l. 

Furthermore, if t = s then = qg, where rt G K. And if t = s + 1 then 
r[ = and trtC + r[_^ = qs. Thus, we have shown that if cC' + f qs 
for any c G C and for any f £ K then there is no T G K{Q such that 
T' = S. □ 

THEOREM 2.2. Let F be a differential field with a field of constants 
C. Suppose that /i,/2 £ F be elements satisfying the condition C. Let 
E := F{(^i,(^2)i'n) be the field of rational functions of F in three variable 
Ci)C2 <ind rj. Choose any r £ F and extend the derivation of F to E by 
setting 

A Ci vV /O /i r\ /I Ci r,\ 

(2.3) 1 C2 = /2 1 C2 . 
\0 1 / \0 / \0 1 / 

Then E is a no new constants extension of F. In particular, there is no 
y G i^(Ci) C2) such that y' = rj' = /1C2 + r for any r £ F. 

Proof. Suppose that the theorem is not true for some r £ F. Since = fi 
and C2 = /2) from theorem [T31 we know that F(Ci) C2) is a no new constants 
extension of F. Thus there is a new constant in the set E — i^(Ci, C2)- Note 
that 7]' = /iC2 + r G F(C2) C F(Ci, C2) and that E = F(Ci, C2)(??). Therefore, 
by theorem 11.21 there is a ;U G F{(i, (2) such that /x' = /1C2 + r. 

Now, we apply proposition 12.11 (with K = F{(i)) and obtain that fi G 
^(Ci)[C2] and that deg /i=l or 2. 

Case deg /x = 2: Let // = r2C| + riC2 + G -F(Ci)[C2] with r2 / 0. Then 
taking derivatives, we obtain r2 = and 2r2/2 + r[ = fi- This contradicts 
the condition C. 
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Case deg fj, = 1: Let = ri(2 + ro. Then we have r[ = fi and ri/2 + t'q = 
r. Thus there is a constant c G C such that ri = + c and therefore 
(Ci + c)/2 +r'Q = r. 

Now we have 

(2.4) /2C1 + s = -ri 

where ro G -P'(Ci) and s = c/2 — r £ F. Then by proposition 12.11 (2), there 
are a constant c € C and an element f F such that c/i + /' = /2- This 
again contradicts the condition C. □ 

Corollary 2.2.1. Let F and E he as in theorem \2.2\ and let £ E be an 

antiderivative of F. Then there are constants ci,C2 G C and an element 
s £ F such that ( = ci(i + C2C2 + s. 



Proof. By proposition 11.4^ there is a constant c £ C such that ( + cq £ 
^{(1X2)- We claim that c = 0. Suppose not. Then, c~^C + V ^ ^{(1X2) 
and let s := c'^C + r £ F. Let E* := F{C,l,C,2){^J) be the field of rational 
functions in one variable /i and extend the derivation of F{C,i,C,2) to the 
field E* by setting /i' = /i(2 + s. But since c~^C + ?? G -^(Ci)C2) and 
{c~^C, + T])' = /i^2 + s, we obtain that i?* has a new constant, namely, 
/i — (c~^C + '?)• This contradicts theorem 12.21 

Thus C £ -f'(Ci)C2)- Now we again apply proposition II .41 to prove the corol- 
lary. □ 



In theorem 12.51 we will prove that the differential field E, as described in 
theorem 12.21 is a Picard-Vessiot extension with a differential Galois group 
isomorphic to 1/(3, C) as groups. In order to do so, we will require the 
following two propositions to prove theorem | 



Proposition 2.3. Let F be a field and E = F{C,i,j\\ < i < n,l < j < 
n + 1 — i) be the field of rational functions over n{n + l)/2 variables. Let g 



be as in theorem \l.l\ For M :- 



/I 







Cl,l 

1 



C2,l 
Cl,2 



Cn,l \ 
Cn- 1,2 



Cl,' 



£ U{n+l,F) 



J 



let G := {aM '■ E — >■ E\M £ U{n + 1, F)} be a collection of automorphisms 
on E defined by UMid) = . That is, 



(2.5) 



+ \^\=l Ct,i+j-t Ci-t,j ) + c 
Cl,j + 



if i > 2; 
if i = l. 



Then E , the field fixed by G, equals F . 
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Proof. Let Sp^q := {Ci,j|l ^ ^ < P — 1} UjCpjl < j < g — 1} and let 
Kp^q := F{Sp^q). Let u G E — F and choose the largest integer p and 
a largest integer q such that n G Kp^q{(p^q). Then, there are relatively 
prime polynomials P,Q £ -firp,g[Cp,g] such that u = P/Q. Consider a matrix 
M G I7(n+1, F) such that Cij = for alii p and j 7^ q, and Cp^g 7^ 0. Then 
we see that (JM{Cp,q) = Cp,q + Cp,g and (JM{Ci,j) = Ci,j foi^ all 1 < i < p and 
j < q — 1. Thus, in particular, the field Kp^q is fixed by the automorphism 

<7Af- 

Suppose that (Jm{u) = u. Then aM{P)Q = (^m{Q)P and since P,Q are 
relatively prime, there is an element To-j,^ S K such that (JM(-P(Cp,q)) = 
W^(Cp,g) andcrM(Q(Cp,g)) = ?'aM<3(Cp,q)- That is P(Cp,g+Cp,g) = r^^jP{(^p^q) 
and (5(Cp,(?+Cp,g) = '>'aj^jQ{Cp,q)- But these equations hold only when Cp^q = 0, 
a contradiction. □ 

Proposition 2.4. Let E be a differential field extension of F. Let yi,y2, 
■■■ ,yn G E and let V '■=SpancE{yi,y2, ■ " ,yn}- Suppose that the wron- 
skian 'w{yi,y2, ■ ■ ■ ,yn) 7^ and that the group G := G{E\F) of all differ- 
ential automorphisms of E fixing F stabilizes the vector space V . Then the 

differential operator L(Y) := ' ' ^"^ has coefficients in the dif- 

w{yi,y2, ■■■ ,yn) 

ferential field E'-' . Moreover, V is the full set of solutions of the differential 
equation L{Y) = 0. 



Proof Write L{Y) = + a„_iy("-i) + • • • + aiY'-^^ + 00^. We will show 
that G E'-' for each i. Clearly, V is the full set of solutions of L(Y) = 0. 
Let L^ := + a{an-i)Y^''-^^ + ■■■ + a{ai)Y^^^ + a{ao)Y for a e G. Since 
G stabilizes V and that V is finite dimensional, we obtain that G consists of 
automorphisms of the vector space V. It follows that ker{L) = ker{La) = V, 
in particular ker{L — La) D V , and thus the dimension of ker{L — L^) > n. 
Since (L - L^W) = ((j(a„_i) - a„_i)y("-i) + • • • + {a{ai) - ai)y(i) + 
(cj(ao) — ao)Y is of order < n — 1, we should have L — L„ = 0. That is, 
ai G E'^ for all i, < z < n - 1. □ 

THEOREM 2.5. Let E and F be differential fields as defined in theorem 
\2.S[ Then E is a Picard- Vessiot extension of F for the differential operator 

(2-6 L{Y) := — — , 

and L~^(0) = V. And, the differential Galois group G := G{E\F) is natu- 
rally isomorphic to the group (7(3, C). 



Proof. From theorem 12.21 we know that is a no new constants extension 
of F. Let R := F[CiX2,ri] and let a G G := G{E\F). Since aid)' = 
o'(C') = C'l we have ct(Ci) = Ci + "o- and cr(C2) = C2 + Pa, where ao-,/3<j G 
G. And since a(r?)' = a(r/') = a{C[)a{C2) + ^{f) = CUC2 + Ha) + f = 
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{f] + f^aCiYy there is a 70- E C such that a{ri) = rj + l^aCi + 7o-- Thus if 

/I Ci ^\ 

V :=Spanc{l,Ci,??} then GV C T/. Let g := 1 C2 and M„ := 

^1 Oct 7(7 \ 

1 /3(7 I • Then we have cr{g) = gMfj and with respect to the basis 

{l,Ci,r/}, we have a group representation F : G — > GL(3,C) defined by 
r(o-) = M<7. Note that F{V), the differential field generated by F and 
equals E. Therefore the action of a on the elements Ci and r/ completely 
determines the differential automorphism a on E. Thus T is a faithfull 

A " 7\ 

representation of groups. Given a matrix M := I 1 /? I € (7(3, C), we 

Vo 1/ 

define a F— algebra automorphism UAf . R ^ R such that auig) = 5-^- 
Since (TM^Qi)' = CM(Ci) i = 1, 2 and ctm(^)' = o"m(^')) see that o"Af is 
an F— algebra differential automorphism of R. Now one extends ctm to E', 
the field of fractions of i?, to obtain a differential field automorphism of E. 
Hence T{G) is isomorphic to 17(3, C). 

W{Y, I, (,1,7]) 

We note that the differential operator L{Y) := — ^ — has spanc 

w{l,C,i,7]) 

f]} as the full set of solutions. From proposition 12.31 and \2A\ we 
know that the coefficients of the differential operator L{Y) lie in the field 
F. Thus is a Picard-Vessiot extension of F with Galois group isomorphic 
to!7(3,C). □ 

Example 2.1. Let F = C{z) with the derivation d/dz and let ai, 02 he two 
distinct complex numbers. Let fi = l/{z + Oi) for i = 1,2, r = and let 
E = F{(^i,(2,v) ^6 the field of rational functions in three variables (i, C2, ^Z- 
Extend the derivation of F to E using equation Now we apply theorem 
\2.5\ and obtain that E is a Picard- Vessiot extension of F for the differential 
operator 

(2 7) L — '^^ I + "1 + ^ 1 d 

dz^ {z + ai){z + 02) dz^ {z + ai) {z + 02) dz^ 

whose solution space L^^(O) =Span<c{^XijV}! [IDj- '^he differential Ga- 
lois group of E is isomorphic to the Heisenberg group 17(3, C). One can 
think of Ci, C2 CLTid rj as log{z + ai), log(z + 02) and J^^ ^^^^^^^dt, oq ^ ai 
respectively. The integral J^^ — ^^i^^di is a 'shifted' dilogarithm. 



3. Picard-Vessiot Extensions for U{n, C) 



THEOREM 3.1. Let F and E differential fields as in theoremUjl Then 
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a. The differential field F{Qj) equals the field -F(Ci,i+j-i, C2,i+j-2, ■ ■ ■ ; 
Ci-i,j+iXi,j)- In particular, E = F(Ci,i; C2,i> ' ' ' Xn,i)- 

b. The differential field N := -F(Cn,i)(Ci,ii ' ' ' iCi.n) a no new con- 
stants extension of F. 

c. E is a no new constants extension of F. 



Proof. From equation [T21 we obtain 



(3.1) 
(3.2) 



CI. 



fj 



-ij+i, 2 < i < n and 1 < j < n + 1 



(a) : Therefore fj = C'j € F{Qj). And since fj G F, we obtain 
Ci-ij+i € F{C,ij). Repeating this argument, one proves that F{Qj) ^ 
F(Ci,i+j-i, C2,i+i-2,--- ,Ci-i,j+i;Cij)- On the other hand, equations [O 
and l3.2l also tell us that F(Ci^i+j_i, (^2,i+j-2, • • • , Cj-i,i+i) C«,j) is a differential 
field. Since F{Qj) is the smallest differential field containing F and Qj, we 
obtain F(Cij) = F(Ci,i+j-i, C2,i+j-2, • • • ,Ci-ij+i, Ci,j)- It is easy to check 
that F = F(Ci,i, C2,ir-- ,Cn,i). 

(b) : Let Nk := F(Ci,n-A;, • • • , Ci,n)(C2,n-i, • • • ,Ck+i,n-k) and observe from 
statement (a) that Nk = F{(i^n-k, • " j Ci,n)(Cfc+i,n-fc))- We see from theo- 
rem [22] that A'^i is a no new constants extension of F. Assume that A^^ is a 
no new constants extension of F for some k > 1. Let K = F((^i • • • , Ci,n) 

(C2,n-1, • • • , Cfc,n-(fc-l)) and note that N^+l = i^(Cl,n-(fe+l)) Cfe+l,n-A:) {Ck+2,n- 

Applying theorem 12. 2l we obtain N^+i is a no new constants extension of K. 
Since K C Nk, we see that i^T is a no new constants extension of F. Thus 
Nk is a no new constants extension of F. Choose k = n to prove statement 

(b) . 

(c) : The case n = 2 follows from theorem 
some n > 3 and let F* := F{Cn,i), 



Assume that (c) is true for 



/I 





Ci,i 
1 



C2,l 
Cl,2 



Cn-l,l\ 
Cn-1,2 




\0 



1 





Cl,n 

1 



and A* 



/O fi 

/2 

• • • 

\0 • • • 



\ 










fn-1 





Then from (a) it follows that E = F*{g*). Since (g*)' = A*g*, applying 
induction, we obtain that F is a no new constants extension of F*. From 
(b) we know that is a no new constants extension of F. In particular, 
F* C A^ is a no new constants extension of F as well. Thus we have shown 
that F is a no new constants extension of F. □ 
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Corollary 3.1.1. Let C, ^ N he an antiderivative of F . Then, there are 
constants ci, • • • , Cn G Cp and an element f F such that (" = ^^"=1 CiCi + f- 
Moreover, if C ^ ^(Ci,n) then q = for all i < n — 1. 

Proof. From corollary 12.2.11 it is enough to consider the case when n > 
3. Assume the corollary for the field N* := -F(Ci,2r'' Xi,n){Cn-i,2)- Let 
K := F(Ci,2,--- ,Ci,n)(Cn-2,3) and note that K C N*. Since ( £ N = 
Cn-i,2)(Cn,i) and (' G F C K,hy corollary 12.2.11 there are constants 
ci,di G C such that C - ciCi,i - diCn-i,2 ^ K C N*. Since Cn-i,2 G A^*, 
we have C — ciCi.i G A^*. Note that C — ciCi,i G A^* is an antiderivative of 
F and therefore, applying induction to the differential field A^*, we obtain 
constants C2, • ■ ■ , c„ such that ( — ciCi,i = Y17=2 ^iCi,i + / for some f & F 
as desired. From (a), we know that F{(i^n) = -^(Ci,n) C2,n-i> ■ ■ ■ Xn,i) and 
thus Ci,i> ■ ■ ■ iCi,n-i remains algebraically independent over F{(i^n)- Hence 
C = Y17=i CjCi.i + / e i^(Ci,n) implies Cj = for alH < n - 1. □ 

Corollary 3.1.2. Let £ E be an antiderivative of F. Then there are con- 
stants ci, • • • ,Cn £ C and an f £ F such that C = "^^^i CiQ + /. Moreover, 
i/C G F{Cs,t) then a = for all i ^ s + t-l and thus ( = Cs+t-iCi,s+t~i+ f ■ 

Proof. Since ( € E = F*{g*), applying induction with F{(n,i) as our base 
field, we obtain constants ci, • • • , c„_i G C and an / G F{(n,i) such that 

n-l 

(3.3) C = ^CiCi,i + f- 

i=l 

Then f = C — Y17=i '^iCi,i ^ F{Cn,i) is an antiderivative of F. Now we apply 
corollary 13.1.11 to the differential field i^(Cn.i) and obtain a constant c„ G C 
and an element f £ F such that f = CnC,i,n + f ■ Substituting back for / in 
equation 13. 3t we obtain Q = Yll=i CiCi,i + /• 

Note that (^i^i, • • • , Ci,s+t-25 Ci,s+t) " " " > Ci,n remains algebraically indepen- 
dent over F{Cs^t), see (a). Thus C = Ya^i CiCi,i + / G -F(Cs,t) implies that 
Ci = for alH / s + t - 1. □ 

Proof of theorem II. II We know that £^ is a no new constants extension of 
F. For a £ G and for each 1 < j < n, we have o-(Cij) = Ci,j + j foi' some 
constants ^ G C. For 1 < j < n — 1, we have C2j' = fjCij+i and therefore 

^^(C2,,)' = ^(C2,,) = ^(Cl,, + l) = fj Clj+1 + + 1 = {C2,j + + i Clj)'. 

Thus, there are constants ^ G C such that o'(C2,j) = C2,j + j+i Ci,j + C2 j, 
for all 1 < j < n — 2. Assume that for some integer s,2 < s < n, there are 
constants c'J ■ £ C such that 
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for all 1 < J < n + 1 - s. Note that 

"^(Cs+l.i)' = /j'^(Csj+l) 



C+lj + ^ C^s+l+j-i Cs+l-t,j + Cl J 



,t=l 



and thus there is a c^_,_^ j ^ ^ such that 



<7(Cs+l,i) — Cs+lj + I^^C^s+l+i-t Cs+l-tjJ + Csj+l Cl,j + Cs+lj, 
= Cs+l,j + ^C^s+l+i-t Cs+l-tj + Cs+lj- 



vt=l 



Then, by induction, for any fixed i,l < i < n and for all j, 1 < j < n + 1 — i 



there are constants cf , G C such that 



(3.4) 



C^,, + c?,+,-t Q-t,j) + if ^ > 2 

Ci,i + c?,,, 



if i = 1. 



/I Cl.l C2,l 
1 Cl,2 



Thus, if 5 : = 



Cn,l \ 
Cn-1,2 



••• 1 Cl,r 

\0 ••• 1 
13.41 we see that there is an element 



and a £ G then, from equation 



/I 



cY 1 c; 



'1,1 
1 



2,1 
'-1,2 



'-ri-1,2 



• • • 

yo 



1 d 



l,n 
1 / 



G l7(n + l,C) 



such that a{g) = gM^j. 

Let F :=Spanc{l, Ci^i, (^2,1, • • • )Cn,i}- From equation 13.41 it is clear that 
GV C V. And, with respect to the basis 1, Ci,i) C2,i) • ' ' )Cn,i! we have a 
representation F : G — )• GL{n + 1,C) defined by T{a) = Mo-. And indeed, 
F(G) C I7(n + 1, C). Note that ii a,p e G agrees on V, then they agree on 
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F{V) = E and thus F is injective. For any matrix 



(3.5) 



M 



(I 







Cl,l 

1 








C2,l 
Cl,2 







Cn,l \ 
Cn- 1,2 



Cl,T 
1 



G U{n+l,C) 



J 



let gm be the F— algebra automorphism on F[g\ defined by = gM. 

Note that a"M<7M-i = <^m-^^m = -f, the identity matrix. Thus gm is a ring 
automorphism of -F[(7]. To show that gm is a differential automorphism, we 
only need to check that aM{Ci,j)' = fM(C'j)- Since crA/(Ci,j) = Ci,j + ci 

Now 



we obtain aM{Ci,j)' = Ci.j 

CTAf (C'+l,j) = crM{fjCi,j+l 
= fj(^M{Ci,j+l 



J' 




+ c 



■ij+l 



Ci,, 



= 0"Af(Cj+lj)'- 

Thus CTM is a differential automorphism of the ring F[g]. Now extend aM 
to a differential field automorphism of the field of fractions E of F[g]. Thus 
G is isomorphic to the group I7(n + 1, C). Prom propositions 12.31 and 12. 4^ 
we obtain that the differential operator 

L{Y) :=^x;(y,l,Ci,i,C2,i,-- - , Cn,i)/w^(l, Ci,i, (2,1, ' • • ,Cn,l) 

has coefficients in the field F. Since V is the full set of solutions of the 
differential equation L(Y) = and F{V) = E, we conclude that E is a 
Picard-Vessiot extension of F for the differential operator L{Y). It is also 
clear that one can realize any full unipotent subgroup of GL{n,C) by suit- 
ably choosing a basis for V. □ 

Proposition 3.2. The differential ring F[g] is the Picard-Vessiot ring of 
E. 



Proof. It suffices to show that F[g] is a simple differential ring. Let / be 
a differential ideal of F[g\ and suppose that I n F = {0}. Let Sp^q := 
{Cij|l < ^ < P — 1} U{Cp,j|l < J < g — !}• It is easy check that F[5p^g] 
is a differential ring. Choose p, q such that / n F[5p^q] 7^ {0} and that 
/nF[5p^q] = {0}. Choose a non zero element u € -^nF[S'p_q][(p_q] of smallest 
possible degree and write u = Yll=o^iCp,q^ where a„ / 0, Oj G Note 
that 71 > 1 , degree of a'^u — Unu' < n — 1 and that a'^u — Onu' G /. Thus 
a'^u — Unu' = and in particular, a'^an-i — an{nanfqCp-i,q+i + o-'n-i) — 0- 
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Then (-a„_i/na„)' = fqCp-i,q+i in E, which imphes Cp,q + (an-i/nan) is 
a new constant. This contradicts the fact that S is a no new constants 
extension of F. □ 



4. Examples 

4.1. Hyperlogarithms. Consider the differential field F = C{z) with the 
usual derivation d/dz. Let ai,--- ,a„ be distinct complex numbers. A 
hyper logarithmic function is an iterated integral of the form 

(4.1) L(ai,a2,--- ,anF,zo) 



So - On Sn-1 " «! 



where zq is a fixed point and zq / a„, see [3]. Let A^([/) be the field of 
meromorphic functions on [/, where zq ^ U \s a. simply connected domain 
that does not contain Ui for any i. Let fj := l/(z + Qj). As noted in remark 
[H these /j's satisfy the condition C. Using theorem 11.11 we may construct 
a Picard-vessiot extension F{C,ij\l < i < n,l < j < n + 1 — i) for the 
differential operator 

(4.2) L(y) =U;(y,l,Cl,l,C2,l,--- ,Cn,l)Ml,Cl,l.C2,l,--- ,Cn,l)- 

Define an F-algebra homomorphism (p := F[g] — )• A4{U) such that 4>{Cp,q) = 
L(aq, ■ ■ ■ , ap+q-i\z, zq). Then, one can see that this map commutes with the 
derivation d/dz and therefore ker (p is a differential ideal of F[g]. Applying 
proposition 13. 2| we conclude that ker cp = {0} and thus <j) is injective. This 
shows that the collection 

{L{ag,aq+i, ■ ■ ■ ,ap+q^i\z,ZQ)\ 1 < i < p,l < j < n + I - p} 

of hyperlogarithms is algebraically independent over C{z). 

We may compute the differential equation 14.21 using a Maple program, see 
|10j . Here, I will list differential equations for groups U{n + 1,C), when 
n = 2, 3 and 4. 



_ 2 d^ 3z + ai + 2a2 d^ d 
dz'^ {z + ai){z + a2) dz'^ dz 

d^ + (3ai + 4a2 + 5a3)z + 2a3ai + 0201 + 3a3a2 d^ 

— 2 _|_ 

dz^ {z + ai){z + a2){z + a^) dz^ 

_^ 7z + ai + 2a2 + 4a3 d"^ Id 
{z + ai){z + a2){z + 03) dz"^ {z + ai){z + a2){z + 03) dz' 
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Piz^ + P2Z^ + P^z + P4 7z + ai + 2a2 + 4a3 

T? = 4- -I- -I- 

dz^ S dz^ ^ S dz^ 

P^Z^ + PqZ + P7 d^ Id 
S dz"^ S dz ' 

where Pi = 10, P2 = 9a4 + 803 + 7a2 + 6ai,P3 = 60104 + 4oi03 + 60205 + 
602O4 + 3020l + 70304, P4 = O1O2O3 + 2010204 + 3010304 + 4020304, 
P5 = 25, Pe = 7oi + IO02 + 14o3 + 19o4, P7 = 0102 + 20103 + 80203 + 
903O4 + 60204 + 4oi04 and S = W^^i{z + Oj). 
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